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In this paper we consider the reducibility of a perturbed strongly stable 
linear periodic canonical system whose matrix of coefficients depends 
holomorphically on a small parameter. This problem was considered in 
Coppel and Howe [I] with a method of proof analogous to that used by 
Diliberto [2] in consideration of the problem for Hamiltonian systems. 
However the present method which makes use of projection matrices differs 
from the above and appears to be both simpler and more general. 
We consider the linear canonical system1 
(1) 
where J is an invertible constant skew-Hermitian matrix and H(t, c) is a 
continuous Hermitian matrix which is periodic of period w in t and holo- 
morphic in E at E = 0. There is no loss in generality in assuming that 
where p and q are positive integers such that p + q = 12 and 1, is the p x p 
unit matrix. 
A matrix S such that 
S*JS = J 
is said to be J-unitary. It is easily verified that if X(t, c) is the fundamental 
matrix for (1) such that X(0, 6) = I, then, it is J-unitary. 
1 An example of a linear canonical system is the second order system 
z;+gg+ P(t)y = 0 
where the P(t) and Q are K x k matrices which are respectively Hermitian and 
skew-Hermitian. 
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We begin by proving some lemmas. 
LEMMA 1. Let H(E) be a holomorphic Hermitian matrix such that 
J-lH(O) = diag[A, , A,] 
where the eigenvalues of the submatrix A, are pure imaginary and diSferent from 
the eigenvalues of A, . Then there exists a holomorphic J-unitary matrix W(C) 
such that W(0) = I and 
W-~(C) J-IH(c) W(C) = diag[B(E), C(c)]. 
I f  we put A(E) = J-OH then 
J--IA*(E) J = -A(E). 
Let A, ,..., AT be the distinct eigenvalues of A, and let yj be a positively 
oriented circle with centre hj and radius so small that no eigenvalue of A, 
lies inside or on yj . By the theory of functions of a matrix 
is a projection. Moreover, P(0) is the identity transformation on the root 
spaces of A(0) corresponding to the eigenvalues A, ,..., A, and the null 
transformation on all other root spaces of A(0). Therefore 
P(0) = diag[l, 01. 
By (2) we readily obtain 
J-lP*(,) J = P(C). 
Now let W(E) be the solution of the matrix differential equation 
(3) 
w’ = [P’(c) P(6) - P(c) P’(c)] w 2 (4) 
such that W(0) = I. Here the dash denotes differentiation with respect to E. 
Since P(G) is a projection it satisfies 
P’ = PP’ + P’P, PP’P = 0. 
It follows that P(C) W(C) is also a solution of (4). Hence 
P(e) WC,> = W(,) P(O), 
2 This differential equation occurs in a brief note by Kato [3]. 
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since both sides are solutions of (4) and they agree for E = 0. To show that 
W(C) is J-unitary we need only show that 
M(E) = J[P’(,) P(c) - P(c) I+)] 
is Hermitian. In fact, by (3), 
M*(E) = -[P*(c) P*‘(c) - P*‘(c) P(c)] 1 
= -J[P(,) P’(c) - P’(c) P(e)] 
= nqc). 
Since A(E) commutes with P(e), W-~(E) A(E) W(C) commutes with 
w-l(E) P(6) W(c) = P(0). 
Since P(0) = diag[l, 01, it follows that W-~(E) A(E) W(E) has the required 
block diagonal form. 
LEMMA 2. Let H(E) b e a holomorphic Hermitian matrix. Then there exists 
a holomorphic unitary matrix U(C) such that 
D(e) = U*(E) H(E) U(c) 
is a real diagonal matrix.3 
Let 
be the power series expansion of H(E) which converges in some neighbourhood 
of E = 0. If  there exist real numbers prli such that H, = p,l for all m 2 0 
(e.g., if n = l), we can take U(C) E 1. Otherwise there exists a least positive 
integer r such that H, f  p1 for all real p. Then 
where 
H(e) = (p. + cpl + ... f .~-lp~-~)I f l ‘H~(c), 
H,(c) = C ~“~Hm+n . 
m-0 
There exists a unitary matrix U, such that 
3 This lemma was first proved, in a different manner, by Rellich [4]. 
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where the u’s are distinct real numbers and s > 1. Let 
Z&(t) = U,*H,(E) u1 . 
Then, by Lemma 1 with J mm i1, there exists a holomorphic unitary matrix 
U,(C) with Ua(0) = I such that 
U:(E) H*(E) U,(C) == diag[G,(c),..., G,(C)]. 
It follows that 
u&> UlQq) u, U,(c) = (P” + qJ1 + .” $ Pp,-1) 1 
+ 8 diag[G,(c),..., G,(E)]. 
Since s > 1 this reduces the lemma to matrices of lower order. By repeating 
the process at most n - I times we obtain the lemma. 
We introduce a metric by defining for any two vectors x and y  
(x, y) = Ply* Jx. 
A vector subspace ?V is said to be positive or negative if, respectively, 
(x, x) > 0 or (x, x) < 0 for x f  0 E 9Y. Two vectors x, y  such that 
(x, y) = 0 will be said to be orthogonal. An eigenvalue of a matrix is said 
to be of positive or negative type if its corresponding root space is respectively 
positive or negative. An invertible matrix S is said to be stable if there exists 
a positive constant cy such that 
11 S” I! < LY (m = 0, *1, 12 ,... ).4 
LEMMA 3. Suppose the matrix J-lH, where H is Hermitian, has an r-fold 
pure imaginary eigenvalue A, of definite type. Then there exists a J-unitary 
matrix G such that 
. . 
G-l J-lHG = J-l dlag[zhJY , B] or J-l diag[B, -z&l,] 
where B is an (n - r) x (n - r) Hermitian matrix and the first or second 
alternative holds according as A, is of positive or negative type. 
The eigenspace ^y;, and root space w0 corresponding to the eigenvalue h, 
4 For any n x n matrix S we set 
II s II = ,;“yl II 5% II z 
where 11 x jl is the norm of a vector x in our vector space. 
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of the matrix J-lH coincide. For as A,, is of definite type, we have 
1(x,x)1 ZolIIx/1201>0,XE~~.Henceifweput 
s = pff, /I Smx /I2 < const!/ .2 I/’ 
for any integer m, i.e., S restricted to “w;, is stable. It has been shown in 
Coppel and Howe [I] that if S is stable on w0 then, w0 has a basis of eigen- 
vectors of S belonging to the eigenvalue e ‘0. The basis vectors will also be 
eigenvectors of J-lH belonging to the eigenvalue A0 . We will now suppose 
that V0 is positive, the argument when V0 is negative being similar. Let Vr 
denote the set of all vectors orthogonal to Va . Since “Y^s is positive and the 
metric is nondegenerate, V1 is a subspace supplementary to V0 . Moreover Vr 
is invariant under A = J-rH. For if x*Jy = 0 for all vectors x such that 
Ax = h0x, then 
x* JAy = -x*A* Jy = -1,x* Jy = 0. 
We can find bases g, ,..., g, for ‘%‘i and gr+l ,..., g, for Vr such that 
<&>&) = 0 for if k, 
(is,&> = 1 for l<j<p,=-1 for p<j<n. 
The matrix G with columns g, ,..., g, is J-unitary and 
G* JAG = diag[iA,l, , B]. 
We may now prove: 
THEOREM 1. Let H(C) be a holomorphic Hermitian matrix such that the 
matrix J-lH(O) h as an r-foldpure imaginary eigenvalue h, of definite type. Then 
there exists a holomorphic J-unitary matrix T(E) such that 
T-~(E) J-OH T(E) = diag[D(c), B(E)] or dkP(4, o(41 
where D(E) is a r x r pure imaginary diagonal matrix with D(0) = X,I and the 
Jirst or second alternative holds according as the eigenspace corresponding to h, 
is positive or negative. 
Suppose the eigenvalue A,, has a positive eigenspace. Then by Lemma 3 
there exists a J-unitary matrix G such that 
G-l J-lH(O) G = J-l diag[ih& , A] 
where A is a Hermitian matrix and by Lemma 1 there exists a holomorphic 
J-unitary matrix W(c) such that W(0) = I and 
W-~(E) G-l J-lH(c) GW(c) = diag[B,(e), B(E)]. 
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As the matrix W(c) is J-unitary and the submatrix B,(t) is an Y x Y matrix 
with Y 5; p we have that the matrix Z,(E) is Hermitian. Then by Lemma 2 
there exists a holomorphic unitary matrix U(e) such that C:-‘(e) S,,(e) P(c) 
is a real diagonal matrix. Thus w-e need only take 
2”(e) = GW(e) * diag[ c’(e), 1,-r]. 
The proof is similar for the case of h,, having a negative eigenspace. 
We may now prove: 
THEOREM 2. Suppose the Hermitian matrix H(t, l ) is holomorphic in E and 
continuous in t with period w. Moreover, let the system 
J $ = H(t, 0) x 
have an r-fold multiplier of definite type on the unit circle. 
Then there exists a J-unitary matrix S(t, l ) which is holomorphic in E and 
continuously diflerentiable in t with period w such that the change of variables 
x = S(t, 6) y  transforms the perturbed system (1) into the autonomous system 
dy 
J z = dkP&E), f&(41 Y 0~ 
where F,,(E), H,,(E) are holomorphic in E, F,,(C) is a real r x r diagonal matrix 
with F,(O) = p,,Ir , H,(E) is Hermitian and the$rst OY second alternative holds 
according as the r-fold multiplier is of positive or negative type, 
It has been shown in Coppel and Howe [Z] that there exists a J-unitary 
matrix P(t, l ) which is holomorphic in E, continuously differentiable and has 
period w in t and is such that the change of variables x -= P(t, e) y  transforms 
(1) into the autonomous canonical system 
The result now follows immediately from Theorem 1. 
The periodic canonical system 
Jg = H(t,O)x 
is said to be stable if each solution x(t) is bounded for --co < t < CO and 
is strongly stable if all neighbouring canonical systems are stable. It has been 
shown in Coppel and Howe [I] that in a strongly stable canonical system all 
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multipliers are of definite type, Hence by a finite number of applications of 
Theorem 2 we obtain 
THEOREM 3. Let the Hermitian matrix H(t, 6) be holomovphic in E and 
continuous in t with period w. Moreover, let the system 
J$ = H(t, 0) x 
be strongly stable. 
Then there exists a J-unitary matrix S(t, 6) which is holomorphic in E at E = 0 
and continuously d$ferentiable in t with period w such that the change of variables 
x =: S(t, .c) y  transforms the perturbed system (1) into the autonomous system 
where F(E) is a real diagonal matrix which is holomorphic in E. 
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